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a b s t r a c t
We consider the Robin problem for the Navier–Stokes equations in an exterior domainΩ
of R3 of class C1. We show that, if the boundary datum belongs to Lq(∂Ω), q > 3/2, then
there exists a solution of the problem which converges to an assigned constant vector at
infinity and takes the boundary value in the sense of nontangential convergence.
© 2009 Published by Elsevier Ltd
1. The Robin problem for the Navier–Stokes system
Themotion of an incompressible fluid filling a regionΩ = R3\Ω ′, where1Ω ′ is a bounded Lipschitz domain, is governed
by the well-known Navier–Stokes system [2]
∆u− λ(∇u)u = ∇p inΩ,
div u = 0 inΩ, (1.1)
where u, p denote the (unknown) velocity and pressure fields respectively, and λ the Reynolds number. By linearizing the
nonlinear term in (1.1)1 around the solutions (e1, c) and (0, c)we get respectively the Oseen system
∆u− λ(∇u)e1 = ∇p inΩ,
div u = 0 inΩ, (1.2)
and the Stokes system
∆u = ∇p inΩ,
div u = 0 inΩ, (1.3)
With (1.2) and (1.3) there is usually associated the boundary condition
u = a on ∂Ω, (1.4)
with a the assigned field on ∂Ω . The literature concerning the above boundary value problems is too vast to all bementioned.
We quote the classical monographs [3,4,2] where the variational theory is essentially developed and papers [5–12] where
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1 We use standard vector notation (as in [1]). In particular, italic light face letters, different from o, x, y, ξ , ζ , denote scalars (in R), italic bold face lower
(resp. upper) case letters stand for vectors (resp. second-order tensors); (x, y) and (ξ , ζ ) are generic points of Ω and ∂Ω , respectively; we suppose that
the origin o of a fixed reference frame {o, {ei}i=1,2,3} of R3 belongs to Ω ′; we set ΩR = Ω ∩ SR , where SR is the open ball of radius R centered at o;
N0 = {0, 1, 2, 3, . . .}.
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boundary data in Lebesgue and Besov spaces are considered. As far as we are aware, less effort has been devoted to the Robin
problemwhich consists in considering the above systems with the boundary condition
R[u, p] = Au− T (u, p)n = s on ∂Ω, (1.5)
where2 A is a constant second-order tensor such that
c · Ac ≥ µ|c|2
for someµ > 0, T (u, p)n = 2(∇ˆu)n− pn (∇ˆu is the symmetric part of∇u) is the force field exerted by the fluid onΩ ′ and
s an assigned field on ∂Ω . System (1.3), (1.5) for arbitrary domains and system (1.1), (1.5) for three-dimensional bounded
domains have been recently investigated in [11]. The purpose of the present work is to study systems (1.2), (1.5) and (1.1),
(1.5) for three-dimensional exterior domains.
2. Hydrodynamical layer potentials
It is well-known [2] that system (1.2) admits a fundamental solution (E(x− y, λ), q(x− y))which is reduced for λ = 0
to the Stokes fundamental solution
U(x− y) = − 1
8pi
[
1
|x− y|1+
(x− y)⊗ (x− y)
|x− y|3
]
,
q(x− y) = − 1
4pi
(x− y)
|x− y|3 ,
(2.1)
and satisfies
∇kE(x− y; λ) = ∇kU(x− y)+∇kH(x− y; λ), k ∈ N0, (2.2)
with ∇kH(x− y; λ) = o(1) as λ|x− y| → 0, ∀ k ∈ N0.
The above pair allow us to define the simple layer potential
v(ψ)(x) = −〈ψ(ζ ), E(x− ζ )〉,
P(ψ)(x) = −〈ψ(ζ ), q(x− ζ )〉,
and the double layer potential
w(ϕ)(x) = −
∫
∂Ω
T (E(x− ζ ), q(x− ζ ))(ϕ⊗ n)(ζ ) dσζ − λ2 v(n1ϕ)(x)
$(ϕ)(x) = −2div
∫
∂Ω
[q(x− ζ ) · ϕ(ζ )]n(ζ ) dσζ − λ2 P(n1ϕ)(x)− λ
∫
∂Ω
[q(x− ζ ) · e1](ϕ · n)(ζ )dσζ ,
for the Oseen system. By classical results about the traces of layer potentials on Lipschitz boundaries [13], for every
ψ ∈ W−1,q(∂Ω), v(ψ) nt−→ S[ψ] = v(ψ)± ∈ Lq(∂Ω),3and the map
S : W−1,q(∂Ω)→ Lq(∂Ω)
is continuous. Moreover [9,10], S is Fredholm with index zero for q ∈ (2− , 2+ ), with  a positive constant depending
on ∂Ω (for every q ∈ (1+∞), ifΩ is of class C1 [14]). If ϕ ∈ Lq(∂Ω),w(ϕ) nt−→W±[ϕ] = w(ϕ)±, and the maps
W± :
{
Lq(∂Ω)→ Lq(∂Ω)
W 1,q(∂Ω)→ W 1,q(∂Ω)
are continuous for q ∈ (1,+∞) and Fredholm with zero index for q ∈ (2− , 2+ ) (for every q ∈ (1+∞), ifΩ is of class
C1 [14]). The adjoint maps ofW± are the maps−T ∓ defined, for ψ ∈ Lq(∂Ω), by
T ±[ψ] = T (v(ψ), P(ψ))n±.
The maps Z± defined as follows:
Z±[ϕ] = T (w(ϕ),$(ϕ))n±
2 n denotes the exterior (with respect toΩ ′) unit normal.
3 The symbol χ
nt−→χ± , where χ is a function defined in R3 \ ∂Ω , means that χ tends nontangentially (cf., e.g., [5]) to the value χ+ fromΩ ′ and to χ−
fromΩ .
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are continuous from Lq(∂Ω) intoW−1,q(∂Ω) and fromW 1,q(∂Ω) into Lq(∂Ω), (q ∈ (1,+∞)). Moreover, they are Fredholm
with index zero for q ∈ (2− , 2+ ). The following jump conditions are well-known:
W+[ϕ] −W−[ϕ] = ϕ,
T +[ψ] − T −[ψ] = ψ,
Z+[ϕ] − Z−[ϕ] = −λ
2
n1ϕ.
(2.3)
Assuming s ∈ W−1,2(∂Ω) and looking for a solution to system (1.2), (1.5) expressed as a single-layer potential
(v(ψ), P(ψ)), we are led to find a field ψ ∈ W−1,2(∂Ω)which satisfies the functional equation
J[ψ] = AS[ψ] − T −[ψ] = s. (2.4)
Since [15] S is compact as an operator fromW−1,2(∂Ω) into itself and T − is Fredholmwith index zero, the operator J from
W−1,2(∂Ω) into itself is also Fredholm with index zero.
Let ψ ∈ KerJ. Since T −[ψ] = AS[ψ] ∈ L2(∂Ω), ψ ∈ W 1,2(∂Ω). Then we can integrate by parts to get
2
∫
ΩR
|∇ˆv(ψ)|2 dv +
∫
∂Ω
[v(ψ) · Av(ψ)− λ
2
|v(ψ)|2n1] dσ
=
∫
∂SR
[
v(ψ) · T (v(ψ), P(ψ))eR − λ2 |v(ψ)|
2(eR)1
]
dσ . (2.5)
Therefore, taking into account the behavior at infinity of v(ψ), P(ψ), ∇v(ψ) and letting R→∞, we have
2
∫
Ω
|∇ˆv(ψ)|2 dv +
(
µ− λ
2
)∫
∂Ω
|v(ψ)|2 dσ ≤ 0.
So, if λ < 2µ, then v(ψ) = 0 and p = 0 inΩ . By the jump conditions we have
v(ψ)+ = 0, T (v(ψ), P(ψ))n+ = ψ.
Therefore, integrating by parts∫
Ω ′
|∇ˆv(ψ)|2 dv = 0.
Hence it follows that v(ψ) = 0, P(ψ) = c inΩ ′, c ∈ R. Therefore, by the jump conditions, ψ = −cn and
KerJ = sp{n}.
The adjoint operator of J is the map J∗ : W 1,2(∂Ω)→ W 1,2(∂Ω) defined as follows:
J∗[ϕ] = S[Aϕ] +W+[ϕ].
Let ϕ ∈ KerJ∗. Then, by the uniqueness for the Dirichlet problem, we have v(Aϕ)+ w(ϕ) = 0, P(Aϕ)+$(ϕ) = c in
Ω ′, and by the jump conditions,
S[Aϕ] +W−[ϕ] = −ϕ,
T −[Aϕ] + Z−[ϕ] = −Aϕ + λ
2
n1ϕ − cn. (2.6)
Hence
KerJ∗ =
{
ϕ ∈ W 1,2(∂Ω) : R[v(Aϕ)+w(ϕ), P(Aϕ)+$(ϕ)] = −λ
2
n1ϕ + cn, c ∈ R
}
.
The following theorem holds true:
Theorem 2.1. Let Ω be an exterior Lipschitz domain of R3 and let s ∈ W−1,q(∂Ω), q ∈ (2− , 2+ ). If λ < 2µ, then there
exist ψ ∈ W−1,q(∂Ω) and ϕ ∈ KerJ∗ such that the pair
u = v(ψ)+ v(Aϕ)+w(ϕ),
p = P(ψ)+ P(Aϕ)+$(ϕ) (2.7)
is a solution to system (1.2), (1.5). Moreover, if s ∈ Lq(∂Ω), then ψ ∈ Lq(∂Ω). If Ω is of class C1, we can take q ∈ (1,+∞).
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Proof. By Fredholm’s alternative, the pair (2.7) is a solution to system (1.2), (1.5) if and only if there exists ϕ ∈ W 1,2(∂Ω)
such that〈
s−R [v(Aϕ)+w(ϕ), P(Aϕ)+$(ϕ)] ,ϕ′〉 = 0, ∀ϕ′ ∈ KerJ∗,
that is, if and only if the homogeneous equation∫
∂Ω
ϕ′ ·R [v(Aϕ)+w(ϕ), P(Aϕ)+$(ϕ)] dσ = 0, (2.8)
for all ϕ′ ∈ KerJ∗, admits only the trivial solution. To prove this, choose ϕ′ = ϕ in (2.8). Taking into account (2.6), we have∫
∂Ω
ϕ ·
(
−λ
2
n1ϕ + cn
)
dσ = 0
for all c ∈ R. Then, it is simple to see that an integration by parts yields
2
∫
Ω
|∇ˆ(v(Aϕ)+w(ϕ))|2 dv +
∫
∂Ω
(
ϕ · Aϕ − λ
2
|ϕ|2n1
)
dσ = 0.
Hence it follows that
2
∫
Ω
|∇ˆ(v(Aϕ)+w(ϕ))|2 dv +
(
µ− λ
2
)∫
∂Ω
|ϕ|2 dσ ≤ 0
and then ϕ = 0. 
3. Existence theorems for the Navier–Stokes system
Consider the problem
∆u− λ(∇u)u = ∇p inΩ,
div u = 0 inΩ,
R[u, p] = s on ∂Ω,
u− e1 = o(1).
(3.1)
Assume thatΩ is of class C1 and set
L [u](x) = λ
∫
Ω
[∇xE(x− y)](u⊗ u)(y) dvy
P[u](x) = λ
∫ ∗
Ω
u(y) · (∇xq(x− y))u(y) dvy
with u ∈ L∞(Ω, r) = {u : ru ∈ L∞(Ω)}. Of course, since u ⊗ u ∈ Lq(Ω)(q > 3/2), by the Calderòn–Zygmund
theorem P[u] ∈ Lq(Ω). On the other hand, [16,17] L [u] ∈ W 1,q(Ω), so T (L [u],P[u]) ∈ Lq(Ω). Since
div [T (L [u],P[u])− λu⊗ u− λL [u] ⊗ e1] = 0 (in the distributional sense), by a well-known trace theorem (see, e.g.,
[2]) we have that T (L [u],P[u])n ∈ W−1/q,q(∂Ω). Denote by (M [u],Q[u]) the solution to system (1.2), (1.5) with data
−R [L [u],P[u]]. Let us have s ∈ W−1/q,q(∂Ω) and let (u0, p0) be the solution to system (1.2), (1.5) with R[u0, p0] =
s− Ae1. Consider the map
N : u ∈ L∞(Ω, r)→ u0 +M[u] + L [u] ∈ L∞(Ω, r).
Of course, if u is a fixed point ofN , then (u+e1, p), with p = p0+Q[u]+P[u], is a solution of system (3.1). By awell-known
estimate of R. Finn, [18]
‖L [u]‖L∞(Ω,r) ≤ c‖u‖2L∞(Ω,r), (3.2)
and by the estimates on the solution to the Oseen system,
‖M [u]‖L∞(Ω,r) ≤ c‖u‖2L∞(Ω,r). (3.3)
Therefore, if ‖u0‖L∞(Ω,r) is sufficiently small, then N is a contraction map in L∞(Ω, r) and we can state the following
existence theorem.
Theorem 3.1. Let Ω be an exterior domain of R3 of class C1. If λ < 2µ, s ∈ W−1/q,q(∂Ω)(q > 32 ) and ‖s− Ae1‖W−1/q,q(∂Ω) is
suitably small, then system (3.1) has a solution (u, p) ∈ C∞(Ω) × C∞(Ω) which takes the boundary values in the sense of the
trace in the Sobolev spaces and behaves at infinity according to
u = e1 + O(r−1), p = O(r−2 log r).
If s ∈ Lq(∂Ω), then (3.1) 3 is satisfied in the sense of nontangential convergence.
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By the above method we can also prove the existence of a solution to system (3.1)1,2,3 which vanishes at infinity. In such
a case we have to use the results about the Stokes system [10] and with minor modifications we get
Theorem 3.2. Let Ω be an exterior domain of R3 of class C1. If s ∈ W−1/q,q(∂Ω)(q > 32 ) and ‖s‖W−1/q,q(∂Ω) is suitably small,
then system (3.1) 1,2,3 has a solution (u, p) ∈ C∞(Ω)× C∞(Ω)which takes the boundary values in the sense of the trace in the
Sobolev spaces and behaves at infinity according to
u = O(r−1), p = O(r−2 log r).
If s ∈ Lq(∂Ω), then (3.1) 3 is satisfied in the sense of nontangential convergence.
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